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Abstract 

For a large class of integrable quantum field theories we show that the S'-matrix determines a 
space of fields which decomposes into subspaces labeled, besides the charge and spin indices, 
by an integer k. For scalar fields k is non- negative and is naturally identified as an off-critical 
extension of the conformal level. To each particle we associate an operator acting in the space 
of fields whose eigenvectors are primary (k = 0) fields of the massive theory. We discuss how 
the existing results for models as different as Z n , sine-Gordon or fsing with magnetic field 
fit into this classification. 



1 Introduction 



The classification of quantum fields according to the scaling dimension determined by the short 
distance behavior of correlation functions is at the basis of the renormalization group idea and 
its many applications to physics. The field theoretical description of critical phenomena assumes 
the existence of a spectrum of scaling dimensions bounded from below, with the lowest dimension 
(primary) fields determining the critical exponents and the others responsible for corrections to 
scaling. Such a scheme is expected to hold in the generic case of non-trivial fixed points and 
also in absence of reflection positivity, when the scaling dimensions are not necessarily positive. 

An exact confirmation exists for the fixed point (conformal) field theories in two dimensions 
PQ. There, remarkably, the semi-infinite spectrum of scaling dimensions emerges in connection 
with the lowest weight representations of the infinite-dimensional conformal group. It is found 
that each representation corresponds to a family of fields whose scaling dimensions differ by 
integers. For scalar fields this gradation according to the dimension can be made in terms of a 
single non-negative integer called level. 

Two-dimensional quantum field theory allows also for massive exactly solvable (integrable) 
theories [2]. Here, however, the solution comes in the form of an exact S'-matrix, and the 
characterization of the space of fields starting only from particle dynamics, important in principle 
as well as for applications to off-critical systems, is a non-trivial task. A set of functional 
equations pJJH] is known for the matrix elements of fields on particle states (form factors). The 
space of fields of the massive theory corresponds to the space of solutions of the form factor 
equations. These, however, contain only the symmetry data (charges and spin) of the field, and 
nothing about its scaling dimension. With time, evidence of a relation between the high energy 
asymptotics of form factors and the conformal levels emerged. The first result in this sense was 
obtained in [5], but only recently the isomorphism between critical and off-critical field spaces 
has been shown for the simplest massive model originating from a non-trivial fixed point of the 
renormalization group [6]. 

The emergence of a sufficiently general pattern, however, had been so far prevented by the 
difficulty of controlling the role of model dependent features such as the particle spectrum, the 
symmetries and the properties of mutual locality between particles and fields. In this paper 
we show that the space of fields admits an unifying characterization within a large class of 
integrable theories, those with reflectionless scattering at high energies and additive charges. 
Starting from the S'-matrix, the space of fields can be decomposed into subspaces labeled by 
four indices. Three of them encode the internal and Lorentz symmetry properties of the field, 
while the fourth is an integer, let us call it k, related to the asymptotic behavior of form factors. 
We obtain a lower bound for the asymptotic behavior which amounts to a lower bound on k. 
For scalar fields k is non-negative and is naturally identified as playing the same role as the 
level in the conformal classification. We also associate to each particle species a an operator 
A a mapping fields into fields and whose "eigenvectors" are primary (k = 0) fields. We show 
how this scheme applies to models (Zjv, sine-Gordon, the theories without internal symmetries) 
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which are usually seen as sharing little else than integrability. 

The paper is organized as follows. In the next section we recall the features of factorized 
scattering theories and, after restricting to the subclass of interest in this paper, we give a 
characterization of the associated space of fields in terms of spin and charges. In section 3 we 
introduce the operators A , further classify the fields according to the asymptotic behavior of 
form factors and discuss the analogies with the conformal classification. In section 4 we specialize 
the discussion to several models before making few concluding remarks in section 5. 



2 Integrable quantum field theories 

Integrable quantum field theories are characterized by a completely elastic and factorized S- 
matrix [2]. If we denote by A a {9) a particle of species a, with mass m a and energy-momentum 
(jPtP 1 ) = (m a cosh#, m a sinh#), the S-matrix is completely determined by the two-particle 
scattering amplitudes associated to the processes 

\A a {e 1 )A b {9 2 )) in = £$(0! - e 2 )\A c (9 1 )A d (9 2 )) out . (2.1) 

The theories we consider are invariant under charge conjugation, space and time reversal, so 
that the amplitudes satisfy 

S%{0) = Sf b {9) , (2.2) 

S c J(0) = St(0) , (2.3) 

S C J(9) = Sf d (9) , (2.4) 

where indices with a bar denote anti-particles. 

The scattering amplitudes satisfy the unitarity, crossing, bootstrap and factorization equa- 
tions 

S e a l(0)Sf f (-9)=6*6 d b , (2.5) 

S$(in -9) = S&P) , (2.6) 

K b S e / c (0) = T f h] Sf a (9 - iu b a ^S%{9 + iuU , (2.7) 

S%(Bi - 2 )S£(0i - 3 )SS(0 2 " 0s) = St(9 2 - 3 )S£(0i - 0*)S§{0x - 9 2 ) , (2.8) 

where repeated indices are summed over, iu c ab is the resonant rapidity difference associated to 
the bound state formation A a Af, — > A c , u c ab = tt — u ab , and the three particle couplings Y c ab are 
determined by 

Kes e=iulb S^ b {9)=iYl b Y%. (2.9) 

The above equations are normally sufficient for the exact determination of the scattering ampli- 
tudes. 

In this paper we consider integrable theories invariant under the action of an abelian group 
of transformations G, whose S'-matrix becomes diagonal at high energies, i.e. satisfies 

lim S c a d b (9) = e ±2i ™«» 5 c a 5 d b ; (2.10) 
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to be definite, in the following we take a ab € [0, 1). 

In the integrable quantum field theories the fields <£(x) are constructed from the knowledge 
of the S'-matrix through the determination of the form factors 

K...a n (&l, ■ ■ ■ , On) = (0\*(0)\Aax ■ ■ ■ A aM) , (2.11) 

where |0) denotes the vacuum (i.e. zero-particle) state. If C a and C$ denote the charges of A a 
and $ with respect to the group G, the form factors (|2.1ip vanish by symmetry unless 

n 

Y^C a] =-C^. (2.12) 

3=1 



The form factors satisfy the equations [3J H] 



if,..a„ (0i + A, . . . ,0 n + A) = e'* A F a * ..^(01, ...,6 n ), (2.13) 

■f*oiOi +1 ...(- • -^i,9i + i, ■■■) = Safd? + \(0i - B i+ x) F® b . +lb . X- ■ -,B i+ i,Bi, . . .) , (2.14) 

Fl.. an (9i + 2wr, B 2 ,...,B n ) = e~ 2i ^ F*. .. anai (0 2) . . . A, *i) , (2.15) 

Res ea-e 6 =m^ F ab ai ...a n (9a,0b,Qi, ■ ■ ■ , B n ) = iT^F^ an (B c ,&i, . . . , B n ) , (2.16) 

aaai ...a n 



Res6)/=e+i 7r F^ ai B, 6\, 



i \8 b a \ . . . 8t n - e 2 ^S h a \± n {6\B u . . .,B n )\ <.. 6n (0i, . .. ,B n ) , (2.17) 
where s$ is the euclidean spin of the field 3>(x), 

s b a \:: b a n {o\B u ...,B n ) = s b a \z(o - bjs^b -b 2 )... sfc^o - e n) , (2.18) 

and a non-integer 7$ accounts for a semi-locality between the field and the particle A a (see 
e.g. [7]). If z = x\ + ix2 and z = xi — ia^ are complex coordinates on the plane, we say that 
two fields $1 and $2 are mutually semi-local with semi-locality index 7$ 1 ,$ 2 if 

(• • • $i{ze 2i7T , z- 2in )<S> 2 (0) ■■■) = e 2i7r7 *i-*2 (. . . Qfa z)$ 2 (0) ■ • • ) . (2.19) 

Clearly, 7$ li $ 2 is defined up to integers, and in the following we take it in the interval [0,1). 
Denoting (f a (x) a field which interpolates the particle A a , i.e. a field with 

(A a (B)\<p a (x)\0)^0, (2.20) 

we have 

7*,o = 7*,</?a • (2-21) 

When writing (12.150 and (12.170 and throughout this paper we choose, without loss of generality, 
the fields which interpolate the particles to be spinless. 

Since the form factors (|2.11[) determine by crossing all the matrix elements of <3?, and since 
the knowledge of all the matrix elements completely determines the field, the space of solutions 
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of the equations (|2.13p - (|2.17p determines the space of fields of the theor^U, which we denote by 
T. Clearly, T can be decomposed into subspaces containing fields with the same charge, spin 
and semi-locality indices, which are the field data entering the form factor equations. These 
subspaces are always infinite-dimensional. 

This decomposition is conveniently characterized in the following way. The semi-locality 
property (12.190 can be accounted for introducing a second additive quantity C, that we call dual 
charge, in such a way that we can write 

^ = ©^j, (2-22) 

c,c 

where T c q is the subspace containing the fields with charge C and dual charge C. The semi- 
locality index entering (|2.19p is given by 

7$ 1 ,$ 2 = k (C$ 1 C$ 2 + C$ 1 C$ 2 ) , (2.23) 

with k a field-independent normalization for the dual charge that we introduce for convenience. 
Additivity of the charges ensures the property 7$ 1 $ 2; $ 3 = 7$ 1) $ 3 + 7cj> 2i $ 3 . We stipulate that the 
quanta of the charge C are measured in integer units, so that nC is defined modulo integers like 
the semi- locality indices. 

The energy-momentum tensor T^ u is neutral and local with respect to all the fields in the 
theory, and belongs to -7-0,0 • We will call "order" fields the fields belonging to !Fc,o with 0, 
and "disorder" fields the fields belonging to J^q q with (7^0. Order and disorder fields are 
mutually non-local. 

If $3 is produced in the operator product expansion of <E>i and (12.190 leads to the 
relation 7$ li $ 2 = s$ 3 — — s$ 2 . Denote by 3> the charge and dual charge conjugate of <I> 
(C$ + Cj, = C$ + C$ = 0); $ and $ have the same spin and their operator product expansion 
produces only neutral fields, the identity among them. Then we have 7$ $ = — 2s<j>, so that 
comparison with (|2.23p gives 

s$ = K C$C§ + , n$ € Z (2.24) 

with n$ accounting for the fact that the semi-locality indices are defined up to integers. If s$ is 
non-integer (this requires C<j> and C<j> both non-zero) , <3? is said to be a parafermionic field [8] , as 
a generalization of the fermionic fields corresponding to half-integer spin. The field subspaces 
T c q can further be decomposed according to the spin in the form 

nez 

the superscript n being the integer in (|2.24p . For To.o n is the spin itself. The subspaces !F% ^ 
contain fields corresponding to solutions of the form factor equations (|2.13p - (l2,17p with the same 
values of s$, C$ and 7$, a , and are the above mentioned infinite-dimensional subspaces. 

In some cases the theory allows also for fields which are not simply semi-local with respect to the particles 
and require a modification of (I2.f5[l . (|2.f 1\ . In these cases T, as defined above, is not the full space of fields. It 
is, however, a subspace closed under operator product expansion. 
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(2.25) 



3 The operators A a 

Condition (ETCH , together with (gZjgJ) and (|2~T5jh yields 

n-l 

lim <... an (0!, . . . , n + 2ivr) = J] e" 2 ^- lim i^ 01 ... ^_ 1 (0„ + 2*vr, l9 . . . , n - X ) 

On— > +00 0„— > + 00 

3 = 1 

n-l 

= e- 2 ^-n e " 2l ™ V '\ lm i A), (3.1) 

and then 

Ft..a n (01, • • • A) = tf'X-i • • • , ^-l) e»*.-» fl » , 0„ -> +oo , n > 1 (3.2) 

with 

n-l 

V<S>,a n = -7<S>,an ~ aa J a ™ + n *' a " ' n *> a ™ G Z ' ( 3 - 3 ) 

i=i 

In writing (|3.3|) we imply that, for n > 1, the r.h.s. depends on $ and a n only, a property that 
can be shown as follows. We can change the particle state while preserving (I2.12p in two ways: 

i) we add/remove a particle-antiparticle pair A a A a . In this case the product in (|3.ip ac- 
quires/loses a factor 

lim S^(0)C(«)= Hm S^(e)5^(*7r - 5) = 1 , (3.4) 

y — >— oo y — >— oo 

where (|2.10p and (|2.6p have been used; 

ii) if T c ab ^ 0, we trade A c for A a Ab, or vice versa. In this case the product in (13. ip acquires/loses 
a factor 

g hrn^ (0)/S£ W = 1 , (3.5) 

where (|2.1U|) and (|2.7|) have been used. 

This shows that the sum in (|3.3[) depends on $ and a n only. Finally, also the integer n$ )an must 
have this property in such a way that the two sides of (I2.16|) and (|2.17j) . which relate matrix 
elements with a different number of particles, have the same limit as n — * +oo. 

The case n = 1 cannot be included in (|3.2p also because it follows from (|2.13p that the 
asymptotic limit of F^{9) is determined by the spin s$, which in general does not coincide with 
y$,a- We now extend (13.2H to the form 

lim e-w*.«'F*. ..^(01, . . . A, *) = (#1, • • • A) , n>0 (3.6) 

t? — >+oo 

which for n = associates to -F* the constant /*' a . With this additional definition we can 
multiply both sides of (|2.13p - (l2.17p by e - ^' ™ 61 " and take the limit 9 n — > +oo, for any number 
of particles. The result of this operation is that the functions /,?i'. a .a n -i (#!,•••, 9 n -i) with n > 1, 
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satisfy the equations corresponding to the form factors F ai ^ n _ 1 (6i, . . . , # n -i), where $( a \ is a 
field with spin, semi-locality indices and charge given by 

s$ (o) = s$ - 2/<I>,a , (3.7) 
7*( a ),6 = 7<i>,b _ a ab j (3-8) 
C*(a) = C$ + C a . (3.9) 

In other words, the limiting procedure (|3.6|) defines an operation in the space of fields which 
maps into 3>( a )- Denoting by A a the corresponding operator, we can write 

A a $ = * (a) , (3.10) 

or, on matrix elements, 

A a Fl„ ana (e 1 ,...,0 n ,B) = lim e-y^ e Fl.. ana (e 1 ,...,e n ,d) 

= Fa 1 { X(0i,---,dn), n>0. (3.11) 

The action of A a in (13. llf) yields, by construction, a finite non-zero result for n > 0. For 
n = 0, d233D and $£7$ give 

<0|* (o) (0)|0>=A a F*(6l) = J F*(0) lim e^ 8 . (3.12) 

The requirement that all fields in the theory have finite vacuum expectation value implies s$ (a) < 
if if (0)^0, i.e. 

if ifW^O. (3.13) 

The vanishing of (13.120 for s$ (a) < is in agreement with Lorentz invariance, which prescribes 
that only spinless fields can have a non-zero vacuum expectation value. 
Notice that if 

K 

$(x) = Y,c k ^k{x) (3.14) 
fc=l 

we obtain 

ci A a $i if > ?/# 2 > . . . > y$ A . 



A a $ = < 



(3.15) 



Using the notations 

e = r£, e a = e (a) = A a e, (3.16) 



give 

•se a = -ye, , 7e a ,6 = -«ab , C 0a = C a , (3.17) 

where we also used the fact that the trace of the energy-momentum tensor is a spinless field in 
the Lorentz invariant theories we consider. 
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The spinless field (p a we have chosen to interpolate the particle A a belongs to . Hence, 
(EHTl) and (|2~23l give 

a a b = -KC a Ce b = -nCe a C b , (3.18) 
the last equality following from the symmetry of a a b in the two indices. As a consequence, (I3.8P 
takes the form 7<j> (a) ,b = n (C$ + Ce a )Cb, so that we have 

C 9(a) = Cq, + C 0a (modZ/K) . (3.19) 
Recalling also (|3.3I) and (|3.7f) we obtain 

y$, a = s$ - s$ (o) = -«[CaC'* + (C$ + C )CeJ + ra$, a , (3.20) 

ra$, a = n$ - ra$ (o) , (3.21) 

so that (I3.7I) - (I3.9I) can be restated as 

cf) c •r" n * — n *,u /o <^q\ 

( a ) Os+G^Cs+C©. (modZ/K) ' { > 

The fields G a have spin 

s @ a = ~ a aa + n &a , (3.23) 
and belong to the parafermionic sector whenever a aa is non-integer. The asymptotic relation 
between the matrix elements of the energy-momentum tensor and those of parafermionic fields 
was first noted in [9] on the basis of quantum group arguments. 

For each particle A a in the theory a further decomposition of the space of fields according 
to the asymptotic behavior (|3.6[) of the form factors is obtained in the form 

n a eZ 



where n a is the integer in (13.3|) . In many theories the subspaces T**^ turn out to be finite- 
dimensional. 

We now investigate under which conditions a spinless field is mapped into another spinless 
field by the action of the operator A a . We call £l a ,o the field subspace containing the fields with 
such a property: 

fi«,o = {$ | s$ = s* (o) = 0} . (3.25) 
Consider <& £ Q a ,o- Since s$ = 0, <5 can only be a linear combination of spinless fields with 
C$ i and/or C$ i equal zero, and with = 0. Similarly, s$ 4(a) = implies y^ iA = n $i,a = 0. At 
this point, (I3T20D with $ = ^ gives (C$. + C tt )C7e = if C 9i = 0, and ((7$. + C Qa )C a = if 
C$ i = 0. Hence, using C a = —C a , Cq b = — Ce , and recalling (13.221) . we have the three casej§ 

if C a /0, (7 6a /0 



0c^co' if C a / 0, C© a = (3.26) 

©c ^0,0 ©c "^o'c ' if Ca = C*e a = . 



2 Notice that (I3.18[) implies C© a = if C a = 0, unless Ct = V6; but if all particles are neutral there is no 
internal symmetry, and no dual charge. Then the case C a = 0, Ce a 7^ is excluded. 
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The subspace fl a ,o contains in particular the spinless fields <j) a that A a maps onto themselves, 

possibly up to conjugation of C and C. It follows from (|3.26)) and (13.221) that these are the 
solutions of the equation 

K<t>a = A^ a <t>a , (3.27) 

with \ < f )a constant. Denoting Q a fl the subspace of Q a fi spanned by the solutions of (|3.27p . we 
have 

a, n C <! (3.28) 



©C ?C,0 ©C -^o'c ' if C a — . 



Notice that, if C a ^ 0, (f) a necessarily has both a charged (C ^ 0) and a neutral (C = 0) 
part, 

a = <£(<=) + ifC a ^0. (3.29) 

In particular, we have Fa a ^ 0, a condition which holds also for C a = 0, unless a is an order 
field. Equation (|3.12p yields 

X^ a = ^r, if Ft** (3.30) 

for the constant in (|3.27p . Hence, for example, (13.271) written for a particle-antiparticle state 
gives 

lim F-t(e 1 ,e 2 ) = ^f, ifF^/0 (3.31) 

which becomes 

,(n) F^a pfa 

lim Ft (fli,fl 2 )= ~ w ° , ifC a /0. (3.32) 

We will see in the next section that equation (I3.27P normally admits solutions, so that £l a fl 
is non-empty and contains fields whose form factors have the mildest asymptotic behavior which 
(|3.13p allows for spinless fields (y$ )0 = 0). In this sense the fields 4> a can be called "fundamental" , 
meaning that for any positive k there exist spinless fields $ with the same charge and dual charge 
content as 4> a , whose matrix elements are, for this reason, solutions of exactly the same form 
factor equations, with a different asymptotic behavior, y$ >a = n$ jQ = k. We denote £l a ,k the 
space spanned by such fields and use the notation 

oo 

^a = 0^a,fc (3-33) 
fc=0 

for the whole sector of the space of fields related, in the way we just explained, to the fundamental 
fields (f) a . The derivatives (dd) k (f> a , whose form factors are immediately obtained from those of 
4> a , are examples of fields belonging to Q a k- We know that the action of A a on a field in £l a ,k 
gives a field with spin —k. 

The structure of £l a , with its internal gradation in terms of a non-negative integer k, is clearly 
reminiscent of the characterization of the space of fields in conformal field theory pQ . This is not 
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totally unexpected once we consider that, up to symmetry breaking effects, the field content of 
the massive theory and that of its massless (conformal) limit should coincide. Let us recall that 
in a two-dimensional conformal field theory the space of fields is the direct sum of "families" 
corresponding to lowest weight representations of the infinite-dimensional Virasoro algebra. All 
the fields within a family behave in the same way under the internal symmetries of the theory, 
namely, for the cases of interest in this paper, have the same charge and dual charge. Each 
family consists of a "primary" field and infinitely many "descendants" whose scaling dimension 
differs from that of the primary by a positive integer. Restricting our attention to spinless 
primaries and spinless descendants, the scaling dimension of a primary can be denoted 2A and 
that of a descendant 2(A + I), where I is called level of the descendant; there exist descendants 
for all positive values of I. If we denote by Va,i the space of spinless descendants of level I, the 
restriction to spinless fields of a family associated to a spinless primary can be written as 

oo 

V A = V A ,i . (3.34) 
1=0 

Considering that the derivative (dd) 1 of the primary belongs to Va,z, the hypothesis that 
k in (|3.33p and I in (j3.34j) play the same role is very natural. We refrain however from a 
straightforward identification between k and I. If it is reasonable to expect that 

= V A , (3.35) 
Aer>a 

with the sum taken over the families having the same charge and dual charge content as 4> a %, 
the hypothesis that (&Aev a ^a,z coincides with Q a j is probably too strong in the general case. 
Indeed, it is difficult to exclude that, for some A € V a , Va,i <Z Q a ,k with a fixed positive value 
oik - I. 

Even with this caveat, the space £l a $ should be spanned by primary fieldfl On the other 
hand, by definition, a basis in O aj o is provided by the solutions of equation (|3.27p . Whether, 
when dimf2 aj o > 1, the basis of solutions of (|3.27p coincides with the basis of primary fields, is 
an essential question. Also, when (p a splits into two components as in (|3.29p . the simplest expec- 
tation is that these components correspond to primary fields with the same scaling dimension 
related by a symmetry transformation. 

In the next section we illustrate how this scenario appears to be supported by the results so 
far available for several models. Before that, let us recall that, for reflection positive theoriejfl, 
it was shown in [10J that 

y$,a < A* for s$ = , (3.37) 



3 Consistence of this statement requires 

fla = fit if C a = C b . (3.36) 

4 In the massive context we call primary field a field which becomes a conformal primary in the massless limit. 
5 Reflection positivity requires that the two-point correlation function of any field other than the identity is 
positive and monotonically decreasing with distance. In particular, it excludes negative scaling dimensions. 
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where 2A$ is the scaling dimension of <£. Relevant (in the renormalization group sense) fields 
have A<j> < 1, and in a reflection positive theory are necessarily primaries. In practice (|3.37p 
turns out to be extremely constraining for the purpose of the identification of these fields. The 
lower bound f)3. 13|) helps understanding this circumstance on general grounds. 



4 Application to models 

4.1 Zjv models 

For an internal symmetry group G = Zjy, N > 2, the simplest (minimal) solution of the 
equations (|2.5f> fj2 .81) is a scattering theory [Tl] of particles A a , a = 1, . . . , N — 1, with masses 

TTCl 

m„ = 2m sui-, (4.1) 
Zjy charges C a = a, and scattering amplitudes 

S c a d b (9) = 5 c a 5 d b S ab (6), (4.2) 

a— 1 6—1 / . . v 

W) = II Hf2/N[0 + ^(a-2l)-^(b-2m)\ , (4.3) 

Z=0 m=0 ^ ' 

, , sinh ^(0 + ma) 

/« * = r-rfe ■ • (4-4) 
smn 2 (" — iTra) 

Since f a (0) — > e ±lna as 9 — > ±oo, the asymptotic phases obtained from (|2.1Up are 

a a b = jj- (4.5) 

Chosing k = —1/N and comparing with (|3.18|) we obtain 

Ce a =C a = a. (4.6) 

The fact that kC is defined modulo integers means that C is identified modulo N, so it is the 
charge associated to a group that we can denote Zjq. As a consequence, the sum in (|2.22[) runs 
over integer values from to N — 1 for both C and C. The fields a with spin 

are parafermions belonging to ^ and appear in the operator product expansion of the order 
fields in with the disorder fields in ^"0,0- 

These conclusions about the space of fields associated to the minimal Z^r-invariant scattering 
theories fully agree with the known fact that these theories describe the scaling limit of Z^- 
invariant lattice models [U [12], and are obtained as the symmetry preserving perturbations of 
the Z7v-invariant conformal field theories with central charge 2{N — 1)/(N + 2) constructed in 
[8]. These theories indeed exhibit a space of fields classified in terms of Zfq x Zfq charges. In 
particular, the spin of the fields in the parafermionic sector is known to be ±a 2 /N plus integers, 
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and includes (|4.7p . The "order parameters" a a , a = 1, . . . , N — 1 (which in our notation are the 
most relevant fields in J^ ) have scaling dimensions a(N — a)/N(N + 2), as well as the "disorder 
parameters" [i a (the most relevant fields in jjj. Since the fields a a and fj, a are exchanged by 
duality trasformations, their relative normalization is fixed by the condition 

lim M*W-»W> = i . (4.8) 

[a:[— {Ha{x)fJ.N-a{0)) 

Following the reasonings of the previous section, the expectation is that in this case the 
solutions of (|3.27p decompose as in (|3.29p with 

<l>®=*N-a, 0i n) =b a fJ,N-a, (4.9) 

with b a a constant. 

Form factor solutions have been studied in [HI [7] for N = 2 (Ising model) and in [TU [15] 
for N = 3 (three-state Potts model). It can be checked from these results that a solution 
to (|3,27p exists and is unique (up to normalization) for a given a; moreover (|4.9j) holds and 
jA^J = \Fa N ~ a /b N -a(fJ-a)\ equals 1 for N = 2, a = 1, and 0.9839.. for N = 3, a = 1,2. 

In principle, the normalization constants b a can be determined exactly through a resumma- 
tion of the form factor spectral decompositions of the correlators entering (|4.8|) . In practice, 
this can be achieved only for N = 2 and gives [£>i| = 1 (see e.g. (TJ). For N = 3 the result 
|£>i| = 1^2 1 = 1 was obtained within 1% accuracy in [16] through comparison with high precision 
Monte Carlo data for the lattice model. 

It would be interesting to generalize the analysis to N > 3 exploiting the form factor formulae 
obtained in [171 US] , 



4.2 Sine-Gordon model 

The sine-Gordon model is the integrable quantum field theory defined by the action 

A SG = I d 2 x Q {d^f - tcos/3^) • (4.10) 

The elementary excitations are the solitons A + and anti-solitons which interpolate between 
adjacent degenerate minima of the periodic potential. Hence, the particles A a , a = ±1, carry a 
topologic charge a. 

It is well known pj9] that the sine-Gordon model is equivalent through fermionization to 
the massive Thirring model, the theory of a Dirac fermion with four-spin interaction which 
explicitly exhibits invariance (hidden in (I4.10p ) under a group G = £7(1). The solitons of the 
bosonic action are the Thirring fermions, and the topologic charge is the £7(1) charge: C a = a. 
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The scattering of solitons and antisolitons is determined by the amplitudes [2] 

<?++(#) = SZZ(e) = S (9) = - exp { -i I" — Smh ^ ( 1 U sin ^\ (4.n) 

' jo x sinhgcoshf vr < 



sinh^ 



S+Z{9) = SZ+(9) = - . * . S (6) , (4.12) 
T sinn ^(0 — 27r) 

sinh^ 

5- W = Stl (0) = , (4.13) 



87T-/3 2 



The asymptotic diagonality condition (|2.10p is satisfied with 



dab = — -j ( 1 + 7 J a& = -Jp a b, a,b = ±l. (4.15) 



Comparison with (|3.18)) (with the choice k = 1) and (13.230 gives 



2tt 

Ce a = ^a(modZ), (4.16) 
s ®a = p2+ ne a ■ (4.17) 



Since (3 is a continuous parameter the dual charge is not quantized, and the sum in (|2,22p runs 
over all integers for C, and over the interval [0, 1) for C. 

The charges C and C can indeed be identified for the primary fields of the sine-Gordon 
model. These can be written as (see e.g. [20J) 

U m , v {x) = e 4T™^)+^M ; (418) 

where m € Z is the U(l) charge. At the gaussian fixed point the bosonic field can be written 
as tp(x) = 4>(z) + 4>(z), and (p(x) = 4>(z) — 4>(z). The fields (14.180 have semi-locality indices and 
spin given by 

7(mi,n),(m 2)I /2) = m i^2 + rn 2 ui , (4.19) 
s m ,u = mv . (4.20) 

Recalling (I2T23]) and (E23D, we have 

Cu m , v = m , C UmiV = v (mod Z) . (4.21) 

The fields U m fl and Uo :U are spinless and have scaling dimensions j2U] 7rm 2 //? 2 and z^ 2 /3 2 /47r, 
respectively. In particular, the trace of the energy-momentum tensor Q ~ cos (3cp ~ t/o,i + f^o,-i 
belongs to J~qq, as it should, and has scaling dimension /3 2 /4-7r. 

From the first line of (|3.28|) we expect that the solutions of (13.270 are 

4>± = O,: l,o + b ± U 0jT27r/ p2 = e Ti T* + b± e Ti T* , (4.22) 
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with b± constants. Observe that the fields in the linear combination, which we select on these 
grounds, have indeed the same scaling dimension vr//? 2 . Moreover, if the results for the form 
factors of the fields flUTgp given in [2D E2] are not sufficient to check that (|4~2"2]) satisfy ([5^7|> . 
one can check that U _ 27r a/f3 2 indeed belongs to J^'^-n-a/ p 2 w ^ n n a = 0- 

For f3 2 < 4-7T the soliton-antisoliton interaction is attractive and the amplitudes (|4. 12[) . (|4.13p 
possess simple poles at 9 = i(w — n£) corresponding to bound states (breathers) B n with masses 



m n = 2M sin — , 1 < n < 



(4.23) 



where M is the soliton mass and [x] denotes the integer part of x. The lightest breather B\ is 
the particle interpolated by the boson <p. Since Cb k = 0, we also have Cq b =00. In this case 
the space &B n ,o of solution of the equation 

Ae n 0B„ = A^ fln 4> Bn (4.24) 

is expected to contain all the fields (|4.18p with zero spin (i.e. with m or v equal zero). The form 
factor results of [231 ED EI] indicate that the fields ?7o,a satisfy (I4.24|) and that 



t dt t 
2tt sin t 



£ / £ 

Vo, Q ) Sl = -2icos-y2sin- exp 
4.3 Theories without internal symmetries 

In an integrable theory without internal symmetries all particles are neutral, there is no mass 
degeneracy and the scattering is necessarily diagonal. Hence (I2.10p is satisfied and a a b = Va, b, 
as implied by (|3.18|) and C a = Va. This agrees with the known fact that in these cases all the 
amplitudes can be expressed as 

Sab(0) = J] t^e) , (4.26) 



■yeg, 



a h 



t ^ = tanh^(g + i7r 7 ) ^ 
7 tanh \ {9 — iirj) 

Since C$ = C$ = V3>, it follows from (|2.24ft that all the fields have integer spin and that 
(j2~22l) and (p2~25j) reduce to the sum 

^ = ©^o,o ( 4 -28) 

over subspaces with spin s. Such subspaces are further decomposed as in (j3.24j) according to 
the value of n$ jQ = y<j>, a - The solutions of (|3.27|) all belong to J^q and have = Ff a /((j> a )- 
Equation f)3.35j) now becomes 



6 One can check that the soliton- breather and breather- breather scattering amplitudes [2] go asymptotically to 

1. 
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where the value of a is immaterial, as required by (|3.36[) . and the sum runs over all values of A 
allowed in the theory. For this kind of theories, equation (|3.27p amounts to a particular case of 
the asymptotic factorization property for form factors proposed in and generalized in 



A particularly interesting example within this class of theories is the scaling Ising model 
with magnetic field at critical temperature [27]. The S'-matrix bootstrap has initial condition 
(I4.26|) with On = {2/3,2/5, 1/15} and closes on eight species of particles A a , a = 1, ... ,8, with 
different masses. Results for the form factors in this theory have been obtained in [10\ 1281 [29] 
and are reviewed in [30]. The evidence is that equation (|3.27j) admits two solutions, the same 
for all values of a, in agreement with (|3.36|) and with the fact that the Ising model possesses 
two non-trivial (i.e. other than the identity) primary fields, the spin a and the energy e. In 
particular, for a = 1 one obtains 



Xfa = < 



-0.640902.. 

(4.30) 

-3.70658... 



The form factor solution corresponding to the field a can be easily identified because in this 
model a ~ 6, and yields a ratio F[ / (a) which coincides with the upper value in (I4.30p . On the 
other hand, numerical estimates on the lattice model give \F[ / {a)\ = 0.6408(3) and \F[/{e) \ = 
3.707(7) [5T] , providing substantial evidence that (|3.27|) correctly selects also the second primary 
field. 

Infinite series of integrable theories without internal symmetries are obtained from massive 
perturbations of the non-reflection-positive conformal minimal models M2,2m+3, m = 1,2, . . ., 
with central charge 1 — 3(2m + l) 2 /(2m + 3). The case m = 1 corresponds to the Lee- Yang 
model describing the edge singularity of the zeros of the partition function of the Ising model 
in an imaginary magnetic field |32j-[36]. The form factor results of [37] for m = 1 and [38J for 
m = 2, 3 indicate that the above mentioned asymptotic factorization property, and consequently 
equation (|3.27|) . admit m solutions, in perfect agreement with the number of non-trivial primary 
fields present at criticality. 

For the Lee- Yang model the isomorphism between the conformal space of fields and that 
determined by the form factor equations has been shown in (6j [39]. It gives, in particular, 

Om=^;J = 0^, (4.31) 



with the sum running over the two values allowed in the theory, A = (the identity famirjfl 
and A = —1/5. This shows that for the Lee- Yang model the identification between k in (|3.33p 
and I in (|3.34p is complete. 



7 Since the identity cannot be considered as a solution of (|3.27[) . this trivial primary should be added to the 
l.h.s. of (j43T|l for I = 0. 
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5 Conclusion 



In this paper we identified a number of general facts concerning the classification of quantum 
fields in integrable theories with asymptotically diagonal scattering and additive charges. An 
essential role is played by the asymptotic behavior of form factors, which allows for the intro- 
duction of operators A a mapping fields into fields. A notion of massive primary field is naturally 
associated to these operators through equation (|3.27p . There is evidence for several models that 
the fields selected in this way become conformal primaries in the massless limit. The possibility 
of classifying scalar fields into subspaces labelled by a non-negative integer indicates that the 
level structure implied by conformal symmetry at fixed points is recovered starting from particle 
dynamics away from criticality. 

According to (|3.36|) . operators A a associated to particles with the same charge are expected 
to select the same sector of the space of fields. Generically, however, not all values of charge are 
realized by single-particle states. For example, the Zjy models do not possess neutral particles, 
while in sine-Gordon there are no particles with charge larger than 1 in absolute value. It seems 
reasonable to expect that for these cases the corresponding sectors of field space are associated 
to operators of the form A Ql . . . A an , with Ya=i ^ equal to the desired charge value. So, as an 
example, the field in the Zjv models would be solution of the equation A a A a (j) = \<f>. 

The generalization of our analysis to integrable theories outside the class we considered 
here is also an interesting issujf). It seems plausible that equations of type (|3.11|) can serve as a 
definition for operators A a in more general integrable theories, or even in absence of integrability. 
Speculations about higher dimensions are also possible. 

Acknowledgments. Work supported in part by the ESF grant INSTANS. 



8 See [40] for results on the asymptotic properties of form factors in the 0(n) non-linear sigma model with 
n > 2. 
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